isotropic crystal. There is no analysis for the inhomogeneous strain distributions within wurtzite GaN cylinders due to end friction under compression tests. Therefore, in the present work, the inhomogeneous strain distribution within a finite and transversely isotropic cylinder of wurtzite GaN subject to compression with non-zero end friction is studied. The friction between the end surfaces and two loading platens will be modeled as non-slip as well as partially slip. Unlike the force boundary condition for finite cylinders , displacement boundary condition will have to be involved in the present problem. The Lekhnitskii's stress function is employed in order to uncouple the equations of equilibrium for transversely isotropic solids. The Fourier and Fourier-Bessel expansion technique will be used in order to satisfy all of the boundary conditions exactly. In addition, Based on the theory of Luttinger-Kohn and Bir-Pikus (Bir & Pickus, 1974) , the valence-band structure of the strained wurtzite GaN is described by a Hamiltonian in the envelope-function space, and the spin-orbit interaction is also considered, numerical discussion will focus on the effects of strain and end friction on the band structure of wurtzite GaN.
Governing equations for wurtzite GaN solid
Experimental results show that wurtzite GaN is a kind of transversely isotropic solids (Wright, 1997 ). Let's consider a homogeneous wurtzite GaN cylinder of radius R and halflength h with the two end surfaces parallel to a plane of isotropy.
Fig. 1. A sketch of a finite cylinder under compression test
For the cylindrical coordinate system ( ,, rz θ ) shown in Fig.1 , the generalized Hooke's law for transversely isotropic solids can be written as (Wei, 2008) 
Uniform strain in cylinders under compression without end friction
When a solid cylinder of wurtzite GaN is confined by a uniform pressure 0 p on the curved surface and is compressed between two rigid smooth loading platens on the end surfaces without end friction. The stresses within the solid cylinder are uniform and can be expressed as 
where 2 0 / qF R π = with P being the total load acting on the end surfaces as shown in Fig. 1 . By adopting the usual sign convention of continuum mechanics, tension is positive, and compression is negative. The strains within the cylinder can be obtained by substituting (6) into (1) as:
It is obvious that inhomogeneous strain filed is induced within cylinder under compression if the end friction is ignored.
Boundary conditions for compression with end friction
Friction, however, always inevitably exists between the loading platens and the two end surfaces in usual compression tests. 
where F is the total load acting on the loading platens. Physically, these boundary conditions imply that the cylinder is subjected to an axial compression of magnitude F with confining stress of p 0 and with no end rotation. Boundary condition (10) implies a uniform radial strain on the two end surfaces, and (11) ensures to loading platens to remain horizontal at all time,
The factor β represents the degree of constraint on the radial displacement on the end surfaces. If friction is negligible, the end surface is free to expand and we have 1 β = ; if the radial displacement on the end surfaces is completely constrained, no slip occurs between the cylinder and loading platens and we have 0 β = ; in usual compression test, we have 01 β ≤≤, depending on the contact condition of the loading platens.
Stress function for transversely isotropic solids
As suggested by Lekhnitskii (1963) 
where 0 q is the mean normal stress on the end surfaces defined as AC ABC D are real unknown constants to be determined. Note that additional terms corresponding to 00 and AC have been added and they will lead to uniform normal stresses and strains for cylinders.
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Before we consider the boundary conditions (8-12), stresses and displacements will first be expressed in terms of the unknown constants in the next section.
Expressions for stress and displacement components
Substitution of (23) into (13-18) yields the following expressions for the stress and displacement as 00 
with a=1. The expression for θθ σ can be obtained from (24) by replacing "a" and "b" by "b"
and "1" respectively. While the expressions for zz σ can be obtained from (24) by replacing both "a" and "b" by "−c", and "e" by "−d" respectively. The next step is to use the boundary conditions (8-12) to determine the unknown coefficients. 
Determination of unknown coefficients
where n E is a constant introduced to simplify the later presentation and it will be fixed later such that the subsequent formulas can be expressed in a more efficient manner. 
To match the boundary condition (11) with the radial displacement given in (50), (11) 
Finally, by comparing the coefficients of (50) and (53) 
As remarked earlier, the expressions for zz σ can be obtained by replacing both "a" and "b"
by "−c", and "e" by "−d" in (24) 
Substitution of (56) into (12) 
In summary, for the unknown coefficients 00 , AC, n E and s F , the coupled system of equations, (46), (47), (55) and (57), has to be solved simultaneously. In our numerical implementation, we can truncate the infinite series in these equations and retain only the first n and s terms. Then, there will be (s+n+2) equations for the (s+n+2) (34) and (35). Once these coefficients are determined, the stress and displacement fields inside the cylinder can be evaluated according to (24) (25) (26) (27) , and by substituting (24-25) into (1), the strain distribution can be exactly obtained.
Numerical results and discussions
The exact analytical solution for the inhomogeneous stress and strain distribution within a finite and transversely isotropic cylinder of wurtzite GaN under compression test with end friction given in the previous section involves the calculation of systems of coupled equations for the coefficients of the infinite series. We choose wurtzite GaN as an example to get the numerical results, and five independent elastic constants were 11 In actual computation, the infinite series have to be truncated and only finite number of terms can be retained. It was found that 50 terms in both the summations of n and s are sufficient to yield a steady solution for the solutions for displacements expressed in (26-27), while about 80 terms are need to get a converge values for the series solutions for stresses and strain given in (24-25) and (1). This is not totally unexpected since our end boundary is displacement-controlled, and the computed stresses are proportional to the derivative of the displacement. In general, more terms in n than in s are needed if 1 κ > , while more terms in s than in n are needed to get the same error control if 1 κ < . We found that 100 terms in both s and n are enough to get a specific error control less than 0.1%. Moreover, the inhomogeneous strain and stress distributions within the finite circular cylinder for one quarter of the meridian plane are investigated, and the rest being symmetrical. ε is the axial strain of the cylinder under compression without end friction and can be calculated according to (7). Fig.4 shows that the axial strain is also inhomogeneous, and the maximum values can be more than 40% and 30% for r/R=0.0 and r/R=0.5 respectively, comparing to that without end friction. 
The effect of strain on the valence-band structure of wurtzite GaN
The band structure of wurtzite GaN deserves attention since the valence bands, such as the heavy-hole, light-hole and split-off bands are close each other. The strain effects on wurtzite GaN are less understand (Chuang & Chang, 1996) . Based on the deformation potential theory of Luttinger-Kohn and Bir-Pikus (Bir & Pickus, 1974) , the valence-band structure of the strained wurtzite GaN can be described by a 6x6Hamiltonian according to the envelopefunction method, and the basis function for wurtzite GaN can be written as 
where HH E , LH E and so E are the energies for the heavy-hole the light-hole and split-off bands, respectively.
Conclusions
The exact analytical solution for the inhomogeneous strain field within a finite and transversely isotropic cylinder under compression test with end friction is derived. The method employed Lekhnitskii's stress function in order to uncouple the equations of equilibrium. It was found that the end friction leads to a very inhomogeneous strain distribution within cylinder, especially in the area near the end surface. Numerical results show that all of the strain components, including the axial, radial, circumferential and shear strains, are inhomogeneous, both in distribution pattern and magnitude, the maximum value of the strain concentration near the end surfaces can be 100% higher than the constant strain in the case without end friction. However, the strain distributions are relatively uniform at the central parts of long cylinders, say in the area of 0.5 0.5 hz h −< < , the magnitude of the strains can be more than 2% of that without end friction. The method for analyzing the effect of the strain and end friction on the band structure of wurtzite GaN is discussed, end friction has effect on the shape of constant energy surfaces of valence bands and the band gaps between the heavy-hole, light-hole and split-off bands of wurtzite GaN.
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